Shimura curves are the moduli space of abelian surfaces with quaternion multiplication. Models of Shimura curves are very important in number theory, especially in class field theory. The icosahedral invariants A, B and C give the Hilbert modular forms for √ 5 via the period mapping for a family of K3 surfaces. Using the period mappings for several families of K3 surfaces, we obtain explicit models of Shimura curves with small discriminant in the weighted projective space Proj (C[A, B, C] ). Our models give the relations between Shimura curves and the Hilbert modular functions for √ 5.
Introduction
This paper gives an application of the moduli theory of K3 surfaces to the number theory. This work is based on the results of [N1] and [NS] .
The purpose of this paper is to obtain explicit models of the moduli spaces of principally polarized abelian surfaces with quaternion multiplication in the weighted projective space P(1 : 3 : 5) = Proj(C[A, B, C]), where A, B and C are Klein's icosahedral invariants. In other words, we shall give the relations between the Hilbert modular functions for Q( √ 5) and the Shimura curves for small discriminant. Let B be an indefinite quaternion algebra over Q and O be a maximal order of B. For a principally polarized abelian surface A with quaternion multiplication by O, we have O ⊂ End(A) (for a precise definition, see Section 2.3). Put Γ
(1) = {γ ∈ O|Nr(γ) = 1}. We have an isomorphism B ⊗ Q R ≃ M 2 (R) and the group Γ (1) is regarded as a discrete subgroup of SL(2, R). The quotient space
where H is the upper half plane, is called the Shimura curve attached to the maximal order O. If the quaternion algebra B satisfies B ≃ M 2 (Q), S is already compact and does not have cusps. The principally polarized abelian surfaces with quaternion multiplication by O are parametrized by the Shimura curve S. Due to Rotger [R1] and [R2] , there exists a mapping ϕ : S → A 2 , where A 2 is the moduli space of principally polarized abelian surfaces (for detail, see Section 2.3). In this paper, we call the image
In this paper, we shall obtain new models of Shimura curves for quaternion algebras with small discriminant. We consider the weighted projective space
P(1 : 3 : 5) = Proj(C[A, B, C]).
Here, as in Section 3.2, the coordinates A, B and C are Klein's icosahedral invariants. We shall give the explicit defining equations of the Shimura curves for discriminant 6, 10, 14 and 15 in Proj(C[A : B : C]).
Here, let us see the reason why we consider the icosahedral invariants. Let O ∆ be the ring of integers of the real quadratic field Q( √ ∆) with discriminant ∆. If a principally polarized abelian surface A satisfies O ∆ ⊂ End(A), A is said to have real multiplication by O ∆ . The moduli space H ∆ (⊂ A 2 ) of principally polarized abelian surfaces with real multiplication by O ∆ is called the Humbert surface (for detail, see Section 2.2). We note that Q( √ 5) is the real quadratic field with the smallest discriminant. The Humbert surface H 5 is equal to the symmetric Hilbert modular surface (H × H)/ P SL(2, O 5 ), τ . This modular surface has a canonical compactification P(1 : 3 : 5) = Proj(C[A : B : C]) by adding only one cusp. Therefore, the icosahedral invariants A, B and C are deeply related to the Hilbert modular functions for Q( √ 5). In [N1] , we studied the family F = {S(A : B : C)} of elliptic K3 surfaces given by the Weierstrass equation S(A : B : C) : z 2 = x 3 − 4(4y 3 − 5Ay 2 )x 2 + 20By 3 x + Cy 4 .
Especially, the period mapping for F is studied in detail. A system of generators of the field of the symmetric Hilbert modular functions for Q( √ 5) has an explicit expression via the period mapping for F (see Theorem 3.2).
By the way, the moduli space A 2 is a Zariski open set of the weighted projective space P(2 : 3 : 5 : 6). Lattice polarized K3 surfaces over P(2 : 3 : 5 : 6) = Proj (C[α, β, γ, δ] ) is studied by Clinger and Doran [CD] , Kumar [Kum] and [NS] . In this paper, we use the family F CD = {S CD (α, β, γ, δ)} given by S CD (α, β, γ, δ) : y 2 = x 3 + (−3αt 4 − γt 5 )x + (t 5 − 2βt 6 + δt 7 ), where (α, β, γ, δ) ∈ P(2 : 3 : 5 : 6). The family F CD of K3 surfaces has the same variation of Hodge structures of weight 2 with the family of the principally polarized abelian surfaces (see [NS] Section 3). The Humbert surface H 5 is realized as a divisor of P(2 : 3 : 5 : 6). It is defined by the simple modular equation (3.14). However, we note that modular equations except for ∆ = 5 are rather complicated (see Remark 3.7).
Since the Humbert surface H 5 is a subvariety of A 2 , the family F is regarded as a subfamily of F CD . However, it is not apparent to describe the embedding F ֒→ F CD explicitly. Our first result of this paper is to give the embedding F ֒→ F CD explicitly. This is realized by the embedding Ψ 5 : P(1 : 3 : 5) ֒→ P(2 : 3 : 5 : 6) of the parameter spaces of F and F CD (see Theorem 3.6).
A Shimura curve S is a 1-dimensional subvariety of the moduli space A 2 . In several cases, S is contained in the image Ψ 5 (P(1 : 3 : 5)) and the pull-back Ψ Section 1.4). In this paper, we consider the intersection H 5 ∩ H ∆ of two Humbert surfaces. We apply his criterion to our situation. When we calculate the intersection H 5 ∩ H ∆ of the Humbert surfaces, we use a parametrization χ ∆ of the Humbert surface H ∆ coming from the period mapping for the family F ∆ EK of K3 surfaces. The family F ∆ EK is due to Elkies and Kumar [EK] (see Section 4). Especially, we shall study the cases ∆ = 8, 12 and 21 in detail.
Here, we summarize the method to obtain our models of Shimura curves. We shall calculate the weighted homogeneous ideal of C[A, B, C] corresponding to the pull-back Ψ * 5 (H 5 ∩ H ∆ ) for ∆ = 8, 12 and 21. The pull-back Ψ * 5 (H 5 ∩ H ∆ ) is a curve in Proj(C[A, B, C]) and consists of several irreducible components. By virtue of various modular properties of Proj(C[A, B, C]) studied in [N1] , we are able to distinguish such irreducible components. Then, the pull-back Ψ * 5 (S) of a certain Shimura curve S appears as a irreducible component of Ψ * 5 (H 5 ∩ H ∆ ). The Shimura curves S studied in this paper are isomorphic to Ψ * 5 (S) as varieties. As a result, we obtain the following explicit defining equations for the Shimura curves Ψ * 5 (S) for discriminant 6, 10, 14 and 15 (see Theorem 5.2, 5.3, 6.1 and 6.2).
Our models are given by the polynomials of Z[A, B, C]. Especially, the Shimura curves for discriminant 6 and 10 have very simple forms in P(1 : 3 : 5). These two curves are just lines in the affine plane of P(1 : 3 : 5) (see Figure 5 ). This paper is organized as the following. In Section 2, we recall basic properties of principally polarized abelian surfaces with quaternion multiplication and review the result of Hashimoto. In Section 3, after we survey the properties of the families F and F CD of K3 surfaces, we give the embedding Ψ 5 of varieties. In Section 4, using K3 surfaces of Elkies and Kumar, we obtain the parametrization χ 8 (χ 12 , χ 21 , resp.) of the Humbert surface H 8 (H 12 , H 21 , resp.). In Section 5, by considering the intersection H 5 ∩ H 8 , we determine the Shimura curves Ψ * 5 (S 6 ) and Ψ * 5 (S 10 ). Moreover, we consider the relation between the result of Hashimoto and Murabayashi [HM] for genus 2 curves and families of Kummer surfaces derived form our family F of K3 surfaces (see Section 5.3). In Section 6, by considering the intersections H 5 ∩ H 12 and H 5 ∩ H 21 , we determine the Shimura curves Ψ * 5 (S 14 ) and Ψ * 5 (S 15 ). The results in this paper are shall be used in the forthcoming paper [N3] . Moreover, explicit models of Shimura curves are very important in class field theory (see, Shimura [S1] ). So, the author believes that our new models of Shimura curves are effective in number theory.
Moduli of principally polarized abelian surfaces
In this section, we survey the properties of abelian surfaces.
The ring of endomorphisms of an abelian variety
Let S g be the Siegel upper half plane of rank g. Let us consider a principally polarized abelian variety (A, Θ) with the theta divisor Θ and the period matrix (Ω, I g ), where Ω ∈ S g . The symplectic group Sp(2g, Z) acts on S g . The quotient space S g /Sp(2g, Z) gives the moduli space A g of principally polarized abelian varieties.
The ring of endomorphisms is given by
The principally polarization given by Θ induces the alternating Riemann form E(z, w). The Rosati involution α → α
• is an involution on the ring End(A) and gives an adjoint of the alternating Riemann form:
Note that the Rosati involution satisfies Tr(αα
It is known that K 0 is a totally real field.
Theorem 2.1. ( [SW] , Section 10) One of the four following cases holds.
There exists ρ ∈ End 0 (A) such that ρ ′ = −ρ and the Rosati involution is given by α
(see the following Remark 2.1).
(iii) K = K 0 and D is a quaternion algebra over K such that every component of D⊗ Q R is isomorphic to the classical quaternions.
(iv) [K : K 0 ] = 2 and D is a division algebra whose center K is a totally complex quadratic extension of a totally real field K 0 .
Remark 2.1. For a quaternion algebra D over K, we have the canonical conjugation
The Humbert surfaces
In this paper, we shall only consider principally polarized abelian varieties with g = 2. In this subsection, we recall the definition of principally polarized abelian surfaces with real multiplication. For detail, see [G] or [Ha] . Letting (A, Θ) be a principally polarized abelian surface with the period matrix (Ω, I 2 ), for α ∈ End(A), we can take the matrix
So, we have
From Theorem 2.1, we consider the case α ∈ K 0 . Because the Rosati involution gives an adjoint of the alternating Riemann form, we can see that the condition α • = α is equivalent to
Put Ω = τ 1 τ 2 τ 2 τ 3 and A = a 1 a 2 a 3 a 4 . From (2.3) and (2.4), we have
From (2.2) and (2.5), α ∈ K 0 is in the form
satisfying the characteristic polynomial X 2 − (a 1 + a 4 )X + (a 1 a 4 − a 2 a 3 + bc) = 0 with discriminant
So, from (2.5) and (2.6), a point Ω = τ 1 τ 2 τ 2 τ 3 ∈ S 2 is said to have the singular relation with the invariant ∆ if there exist relatively prime integers a, b, c, d and e such that the equations
hold.
Definition 2.1. Set N ∆ = {τ ∈ S 2 |τ has a singular relation with ∆}. 
Quaternion multiplication and Shimura curves
In this subsection, we recall the properties of Shimura curves. For detail, see [E] , [HM] , [Ha] , [Kur] , [R1] , [R2] or [Vi] . Let B be an indefinite quaternion algebra over Q with B ≃ M 2 (Q). We have an isomorphism of integral elements is a finitely generated Z-module of B and satisfying QO = B, we call O an order of B. A maximal order is an order that is maximal under inclusion. We note that maximal orders in a indefinite quaternion algebra B are not unique. However, since B is indefinite, a maximal order in B is unique up to conjugation. For an maximal order O in B with discriminant D, we put
The group Γ (1) gives a discrete subgroup of SL(2, R). For ρ ∈ O satisfying ρ 2 < 0, we have an involution given by
The pairing E ρ gives a skew symmetric form on B. Moreover, we can show that
for γ ∈ Γ (1) (see [Ha] Lemma 2.3).
Definition 2.2. Take ρ ∈ O such that ρ 2 = −D and ρO = Oρ. We call (A, Θ) a principally polarized abelian surface with quaternion multiplication by (O, ι ρ ) if O ⊂ End(A) and the Rosati involution with respect to Θ coincides with the involution ι ρ in (2.8).
It is well known that the quotient space H/Γ (1) for discriminant D is already a compact Riemann surface and gives the set of C-valued points of the Shimura curve S D . The Shimura curve S D gives a parametrization of principally polarized abelian surfaces with quaternion multiplication by (O, ι ρ ). According to Shimura [S2] (see also, Hashimoto [Ha] ), there exists a quaternion modular embedding Ω : H → S 2 ; w → Ω(w) (2.10) (see the following diagram).
We note that the Shimura curve S D does not be embedded in the moduli space A 2 , because there exists an involution w D on S D such that corresponding abelian surfaces A and A ′ = w D (A) with quaternion multiplication are isomorphic as principally polarized abelian surfaces. So, we should consider the mapping
This mapping is either generically 2 to 1 or generically 4 to 1. The set
corresponds to the isomorphism classes of principally polarized abelian surfaces with quaternion multiplication by O. In this paper, we also call the curve S D the Shimura curve for discriminant D. 
The result of Hashimoto
In this subsection, we review the result of Hashimoto [Ha] . Letting B be an indefinite quaternion algebra with discriminant D = p 1 · · · p t and O be a maximal order of B, take a prime number p such that p ≡ 5 (mod8) and p p j = −1 for p j = 2. Here, a b denotes the Legendre symbol. We assume that B is expressed as
In this subsection, we consider the quaternion multiplication by (O, ι ρ ) for
Remark 2.3. We note that ρ is not always a point of O. Nevertheless, the notation in Definition 2.2 is available for
Then, according to Section 2 of [Ha] , we have a basis η = {η 1 , η 2 , η 3 , η 4 } of O is given by
We give an explicit form of the modular embedding Ω in (2.10) attached to (O, ι ρ ) where
For γ ∈ Γ (1) , due to (2.9) and (2.12), η 1 γ, · · · , η 4 γ gives another symplectic basis of O with respect to E ρ . Hence, we conclude that there exists M γ ∈ Sp(4, Z) such that
C 2 /Λ w gives a complex torus with the period matrix (ω 1 ω 2 ω 3 ω 4 ) = (Ω 1 (w)Ω 2 (w)). Let us consider the
This induces a non-degenerate skew symmetric pairing E w : Λ w × Λ w → Z that gives an alternating Riemann form on the complex tours C 2 /Λ w . Therefore, we have the holomorphic embedding Ω in (2.10)
given by
14)
(see [Ha] Theorem 3.5). Letting pr be the canonical projection S 2 → A 2 , the image of H under the mapping pr•Ω corresponds to the Shimura curve
The matrix Ω(w) = τ 1 τ 2 τ 2 τ 3 ∈ S 2 in (2.14) satisfis the singular relations in (2.7). This is explicitly given by
with two parameters m, n ∈ Z ([Ha] Theorem 5.1). The invariant ∆ in (2.7) for the singular relation (2.15) is given by the quadratic form
where m, n ∈ Z. Moreover, he showed the following theorem. Example 2.1. For the case D = 6, we can take a triple (p, a, b) = (5, 2, 5). The corresponding quadratic form is given by
For the case D = 10, we can take a triple (p, a, b) = (13, 3, 7). The corresponding quadratic form is given by
For the case D = 15, we can take a triple (p, a, b) = (53, 22, 137). The corresponding quadratic form is given by
For the case D = 14, we can take a triple (p, a, b) = (5, 1, 3). The corresponding quadratic form is given by Example 2.4. The image of the Shimura curves S 6 attached to (p, a, b) = (5, 2, 5) and S 14 attached to (p, a, b) = (5, 1, 3) are contained in the intersection H 5 ∩ H 21 of the Humbert surfaces because 5 = ∆ 6 (5, −1) = ∆ 15 (25, −2) = ∆ 14 (1, 0) and 21 = ∆ 6 (6, −1) = ∆ 14 (7, −1). However, the Shimura curve S 15 is not contained in H 5 ∩ H 21 because 21 is not represented by ∆ 15 (m, n) with m, n ∈ Z.
3 The families F and F CD of K3 surfaces
The lattice polarized K3 surfaces
A K3 surface S is a compact complex surface such that K S = 0 and
By the canonical cup product and the Poincaré duality, the homology group H 2 (S, Z) has a lattice structure. It is well known that the lattice H 2 (S, Z) is isometric to the even unimodular lattice
is the negative definite even unimodular lattice of type E 8 and U is the parabolic lattice of rank 2.
Let NS(S) be the Néron-Severi lattice of a K3 surface S. This is a sublattice of H 2 (S, Z) generated by the divisors on S. The orthogonal complement Tr(S) = NS(S)
⊥ in H 2 (S, Z) is called the transcendental lattice of S. Let S be a K3 surface and M be a lattice. If we have a primitive lattice embedding ι :
From now on, we often omit the primitive lattice embedding ι.
Remark 3.1. When we consider the moduli space and the period mapping of lattice polarized K3 surfaces, we should pay attention to the ampleness of lattice polarized K3 surfaces (see [D] ). However, it is safe to apply the Torelli theorem to our cases. See Remark 3.3 and 3.6.
The icosahedral invariants
The icosahedral group is isomorphic to the alternating group A 5 . Since the icosahedral group is a finite subgroup of SO (3), A 5 acts on P 1 (C). Moreover, we can obtain the diagonal action of A 5 on
, that commutes with the transposition τ 0 . Since the projective plane P 2 (C) is isomorphic
The ring of homogeneous A 5 -invariant polynomials in ζ 0 , ζ 1 and ζ 2 is given by C[A : and
The Hilbert modular group P SL(2, O 5 ) acts on the product H × H of upper half planes. We consider the symmetric Hilbert modular surface (H × H)/ P SL(2, O 5 ), τ , where τ is the involution given by (z 1 , z 2 ) → (z 2 , z 1 ).
Hirzebruch obtained the following result.
Proposition 3.1. ( [Hi] ) (1) The ring of symmetric modular forms for P SL(2, O 5 ) is isomorphic to the ring
Here, A (B, C, D, resp.) corresponds to a symmetric modular form for P SL(2, O 5 ) of weight 2 (6, 10, 15, resp.).
(2) The Hilbert modular surface (H × H)/ P SL(2, O 5 ), τ has a compactification by adding one cusp
This compactification is the weighted projective plane P(1 : 3 : 5) = Proj(C[A :
Then, the pair (X, Y ) gives an affine coordinates of {A = 0} ⊂ P(1 : 3 : 5).
Remark 3.2. The symmetric Hilbert modular surface (H × H)/ P SL(2, O 5 ), τ coincides with the Humbert surface H 5 .
3.3 The family F = {S(A : B : C)} of K3 surfaces
In this subsection, we survey the results of [N1] . For (A : B : C) ∈ P(1 : 3 : 5) − {(1 : 0 : 0)}, we have the elliptic K3 surface
The family F = {S(A : B : C)|(A : B : C) ∈ P(1 : 3 : 5) − {(1 : 0 : 0)}} is studied in [N1] . By a detailed observation, we can prove the following theorem. 
that is given by
where ω is the unique holomorphic 2-form up to a constant factor and Γ 1 , · · · , Γ 4 are certain 2-cycles on S(A : B : C) (for detail, see [N1] ).
Remark 3.3. In [N1] , the primitive lattice embedding ι : M 5 ֒→ NS(S(A : B : C)) of the M 5 -polarized K3 surfaces is given explicitly. Especially, the image ι (M 5 ) is given by effective divisors of S(A : B : C). In fact, it assures an ampleness of lattice polarized K3 surfaces and we can apply the Torelli theorem to our period mapping for F safely. For detailed argument, see [N1] Section 2.2. Let S 2 be the Siegel upper half plane consisting of 2×2 complex matrices. The mapping µ 5 : H×H → S 2 given by
gives a holomorphic embedding.
Remark 3.4. The embedding µ 5 in (3.6) induces a modular embedding (see the following diagram).
Remark 3.5. The modular embedding µ 5 in (3.6) gives a parametrization of the surface
(see Definition 2.1).
For Ω ∈ S 2 and a, b ∈ {0, 1} 2 with t ab ≡ 0 (mod2), set
For j ∈ {0, 1, · · · , 9}, we set
where the correspondence between j and (a, b) is given by Table 1 . Let a ∈ Z and j 1 , · · · , j r ∈ {0, · · · , 9}. We set θ a j1,··· ,jr = θ a j1 · · · θ a jr . The following g 2 (s 6 , s 10 , s 15 , resp.) is a symmetric Hilbert modular form of weight 2 (6, 10, 15, resp.) for Q( √ 5) (see Müller [M] ): z 2 ) ) of the period mapping (3.5) for F has the following theta expression
Moreover, X and Y give a system of generators of the field of symmetric Hilbert modular functions for Q( √ 5).
We call the divisor
the diagonal. On the diagonal , it holds (3.11) 3.4 The family F CD = {S CD (α, β, γ, δ)} of K3 surfaces
In [CD] and [NS] , the family F CD = {S CD (α, β, γ, δ)|(α : β : γ : δ) ∈ P(2 : 3 : 5 : 6) − {γ = δ = 0}} of K3 surfaces is studied in detail, where
The defining equation (3.12) gives the structure of an elliptic surface (x, y, t) → t with the singular fibres II * + 5I 1 + III * . From this elliptic fibration, we can obtain a marked K3 surface and prove the following theorem.
Theorem 3.3. ( [NS] , Section 2 and 3) (1) If an elliptic K3 surface S with the elliptic fibration (x, y, t) → t has the singular fibres of type II * at t = 0, III * at t = ∞ and other five fibres of type I 1 , then S is given by the Weierstrass equation in (3.12).
(2) For generic (α : β : γ : δ) ∈ P(2 : 3 : 5 : 6) − {γ = δ = 0}, the Néron-Severi lattice NS(S CD (α : β : γ : δ) is given by the intersection matrix E 8 (−1) ⊕ E 7 (−1) ⊕ U = M 0 and the transcendental lattice Tr(S CD (α : β : γ : δ)) is given by the intersection matrix U ⊕ U ⊕ −2 = A 0 .
(3) The family F CD = {S CD (α : β : γ : δ)} gives the isomorphism classes of M 0 -polarized K3 surfaces. Especially, S CD (α 1 : β 1 : γ 1 : δ 1 ) and S CD (α 2 : β 2 : γ 2 : δ 2 ) are isomorphic as M 0 -polarized K3 surfaces if and only if (α 1 : β 1 : γ 1 : δ 1 ) = (α 2 : β 2 : γ 2 : δ 2 ) in P(2 : 3 : 5 : 6).
The period domain for the family F CD is given by the
The transcendental lattice Tr(S CD (α : β : γ : δ)) is Hodge isometric to the transcendental lattice Tr(A) of a generic principally polarized abelian surface and the family F CD gives the same variations of Hodge structures of weight 2 with the family of principally polarized abelian surfaces (see [NS] Section 3).
Remark 3.6. In [NS] Section3, the primitive lattice embedding ι : M 0 ֒→ NS(S CD (α : β : γ : δ)) of M 0 -polarized K3 surfaces is attained by taking appropriate effective divisors of S CD (α : β : γ : δ). This argument guarantees an ampleness of lattice polarized K3 surfaces and it is safe to apply the Torelli theorem for lattice polarized K3 surface to our family F CD .
Let M 2 be the moduli space of genus 2 curves. Let P(1 : 2 : 3 : 5) = {(ζ 1 : ζ 2 : ζ 3 : ζ 5 )} be the weighted projective space. It is well-known that M 2 = P(1 : 2 : 3 : 5) − {ζ 5 = 0}.
In fact, by the Igusa-Clebsch invariants I 2 , I 4 , I 6 , I 10 of degree 2, 4, 6, 10 for a genus 2 curve, (I 2 : I 4 : I 6 : I 10 ) gives a well-defined point of the moduli space M 2 . We note that the moduli space M 2 is a Zariski open set of the moduli space A 2 of principally polarized abelian surfaces (M 2 is the complement of the divisor given by the points corresponding to the product of elliptic curves).
By a study of elliptic K3 surfaces, we can prove the following theorem. 2 ) The point (I 2 : I 4 : I 6 : I 10 ) ∈ M 2 = P(1 : 2 : 3 : 5) − {ζ 5 = 0} corresponds to the point (α : β : γ : δ) ∈ P(2 : 3 : 5 : 6) − {γ = δ = 0} of the moduli space of M 0 -polarized K3 surfaces by the following birational transformation:
(3.13)
The Humbert surface H 5 is a subvariety of the moduli space A 2 . Hence, the defining equation of H 5 can be described by the equation in (α : β : γ : δ) ∈ P(2 : 3 : 5 : 6). By an observation of the elliptic fibration given by (3.12), we can prove the following theorem. Especially, the equation (3.14) shall give the defining equation of H 5 . (1) If and only if the equation
holds, there exists a non-trivial section s 5 of {S CD (α, β, γ, δ)} as illustrated in Figure 1 . (2) If the modular equation (3.14) holds, the Néron-Severi lattice of the K3 surface S CD (α : β : γ : δ) is generically given by the intersection matrix
We call the equation (3.14) the modular equation for ∆ = 5. Remark 3.7. The modular equation (3.14) for ∆ = 5 is much simpler than modular equations for other 
We can check that for a generic (α, β, γ, δ) satisfying (3.15), the transcendental lattice is given by U ⊕ 2 2 2 −2 . So, (3.15) gives a counterpart of the equation (3.14).
3.5 The embedding Ψ 5 : P(1 : 3 : 5) ֒→ P(2 : 3 : 5 : 6)
The family of M 5 -polarized K3 surfaces is a subfamily of the family of M 0 -polarized K3 surface. Therefore, Theorem 3.1, 3.3 and 3.5 imply that the family F = {S(A : B : C)} is a subfamily of the family F CD = {S CD (α : β : γ : δ)}. Moreover, together with Remark 3.2, the modular equation (3.14) gives the defining equation of the Humbert surface H 5 . In this subsection, we realize the embedding F ֒→ F CD explicitely. This is given by the embedding Ψ 5 : P(1 : 3 : 5) ֒→ P(2 : 3 : 5 : 6) of varieties. Since the modular equation (3.14) for ∆ = 5 is very simple and the coordinates A, B and C have the explicit theta expressions (3.9) via the period mapping for the family F , we can study the pull-back Ψ * 5 (V ) of a variety V ⊂ P(2 : 3 : 5 : 6) quite effectively. Especially, in Section 5 and 6, we shall consider the pull-back Ψ * 5 (S D ) of the Shimura curve S D for D = 6, 10, 14 and 15 in P(2 : 3 : 5 : 6). Proof. First, by the correspondence
the surface S(A : B : C) in (3.4) is transformed to
The elliptic surface given by (3.17) has the singular fibres of type I 10 + 5I 1 + III * .
Next, by the birational transformation The equation (3.19) gives a double covering of a polynomial of degree 4 in x 2 . According to Section 3.1 of [AKMMMP] , such a polynomial can be transformed to a Weierstrass equation. In our case, putting Put
to (3.20). Then, we have (3.16).
Remark 3.8. The transformation in (3.18) gives an example of 2-neighbor step, that is a method to find a new elliptic fibration. By (3.18), we have u 0 = x t 4 . The new parameter u 0 has a pole of order 4 at t = 0. This implies that we have a singular fibre of type III * at u 0 = ∞ (Figure 2 ). Remark 3.9. The section s 5 in Theorem 3.5 (1) has the explicit form t → (x(t), y(t), t) Proof. According to Theorem 3.5, if (α : β : γ : δ) ∈ P(2 : 3 : 5 : 6) satisfies the modular equation (3.14), then the Néron-Severi lattice NS(S(α : β : γ : δ)) is generically given by the intersection matrix M 5 . On the other hand, a family of the isomorphism classes of M 5 -marked K3 surfaces is given by F . By Lemma 3.1, S(A : B : C) is birationally equivalent to the surface given by (3.16) with the section (3.21). Therefore, the Weierstrass equation (3.16) induces an embedding F ֒→ F CD of the family of elliptic K3 surfaces with the singular fibers of type II * + 5I 1 + III * . Together with Theorem 3.3, we have (3.22) by comparing the coefficients of (3.12) and (3.16).
Remark 3.10. We can check that any point of the image Ψ 5 (P(1 : 3 : 5)) satisfies the modular equation (3.14). In this paper, we shall use the parametrization χ 8 (χ 12 , χ 21 , resp.) for the Humbert surface H 8 (H 12 , H 21 , resp.). We survey their results in this section.
However, we remark that the explicit forms of the parametrizations χ ∆ appeared in the paper [EK] only for the case ∆ = 5 and 8. Then, we need to calculate the explicit forms of χ 12 and χ 21 from the families F Remark 4.1. The choice of the parametrization of the Humbert surface H ∆ is not unique. In fact, the parametrization χ ∆ due to Elkies and Kumar depends on the choice of an elliptic fibration of a generic member of F ∆ EK . To the best of the author's knowledge, it is not easy to study modular properties of the parametrization χ ∆ . For example, it seems highly non trivial problem to obtain an explicit expression of the parametrization of χ ∆ via the Hilbert modular forms for Q( √ ∆). See Remark 4.2 also.
The case of discriminant 5
Before we consider the cases ∆ = 8, 12, 21, let us see the case ∆ = 5. In Section 6 of [EK] , the family F
5
EK of K3 surfaces is studied. A generic member of F
EK is given by the defining equation
where g and h are two complex parameters.
Using this family, Elkies and Kumar obtained a parametrization of the Humbert surface H 5 . In [EK] , H 5 is realized as a surface in the moduli space M 2 = Proj(C[I 2 , I 4 , I 6 , I 10 ]) by the parametrization
2 , I 6 = 9(4h + 9g 3 + 2g 2 ),
Together with (3.13), we obtain the mapping χ 5 : P(1 : 2 : 5) → P(2 : 3 : 5 : 6) given by (k :
The mapping χ 5 gives a parametrization of the Humbert surface H 5 . Any point of the image of χ 5 satisfies the modular equation (3.14).
Remark 4.2. The above χ 5 is a parametrization different from Ψ 5 : P(1 : 3 : 5) ֒→ P(2 : 3 : 5 : 6) in Theorem 3.6. In Section 5 and 6, we shall use only Ψ 5 . The parametrization Ψ 5 has good modular properties and is more useful than χ 5 for our purpose. 
The case of discriminant 8
In Section 7 of [EK] , the family F I 6 = −4(36rs 2 + 94r 2 s − 35rs + 4s + 48r 3 + 40r 2 + 4r − 2),
Together with (3.13), we have the following correspondence χ 8 : P 2 (C) → P(2 : 3 : 5 : 6) given by (q : r : s) → (α 8 (r : s : q) : β 8 (r : s : q) : γ 8 (r : s : q) : δ 8 (r : s : q)) where 
The case of discriminant 12
In [EK] section 8, Elkies and Kumar considered the elliptic K3 surfaces given by the following equation
Here, e and f are two complex parameters. The Weierstrass equation (4.2) defines the elliptic fibration (x, y, t) → t. For a generic point (e, f ), the equation (4.2) gives an elliptic surface with singular fibres I * 2 , I 3 and II * at t = 0, 1 and ∞, respectively.
Proposition 4.1. The K3 surface given by (4.2) is birationally equivalent to the elliptic K3 surface given by the Weierstrass equation
with singular fibres of type II * + 5I 1 + III * .
Proof. Putting
to (4.2), we obtain an equation in the form
Applying the canonical method of Section 3.1 in [AKMMMP] to (4.5), we have an equation in the form
By the birational transformation
to (4.6), we have (4.3)
Remark 4.3. The birational transformation (4.4) gives an example of 2-neighbor step to obtain the singular fibre of type III * . See Figure 3 . From (3.12) and (4.3), we obtain the following proposition.
Proposition 4.2. The mapping χ 12 : P(2 : 1 : 1) → P(2 : 3 : 5 : 6) = P(4 : 6 : 10 : 12) given by (e : f : g) → (α 12 (e : f : g) : β 12 (e : f : g) : γ 12 (e : f : g) : δ 12 (e : f : g)) where
γ 12 (e : f : g) = e 3 g 3 (f + g),
gives a parametrization of the Humbert surface H 12 .
The case of discriminant 21
In [EK] Section 11, they studied the elliptic K3 surface given by the Weierstrass equation
where
(4.9)
Here, r and s are two complex parameters. For generic (r, s), an elliptic surface given by (4.8) has singular fibers I 7 , I 3 and II * at t = 0, 1 and ∞ respectively.
Proposition 4.3. The K3 surface given by (4.8) is birationally equivalent to the elliptic K3 surface given by the Weierstrass equation
Proof. By the birational transformation given by 
Using the method of Section 3.2 in [AKMMMP] , the equation (4.12) is transformed to the Weierstrass equation in the form
to (4.13), we have (4.10).
Remark 4.4. The birational transformation (4.11) gives an example of 3-neighbor step to obtain the singular fibre of type III * . See Figure 4 . and comparing the coefficients of (3.12) and (4.10), we can prove the following proposition.
Proposition 4.4. The mapping χ 21 : P(1 : 1 : 2) → P(2 : 3 : 5 : 6) = P(4 : 6 : 10 : 12) given by (q 1 : r 1 : s 1 ) → (α 21 (q 1 : r 1 : s 1 ) : β 21 (q 1 : r 1 : s 1 ) : γ 21 (q 1 : r 1 : s 1 ) : δ 21 (q 1 : r 1 : s 1 )) where (4.14)
gives a parametrization of the Humbert surface H 21 .
5 The Shimura curves of discriminant 6 and 10 in P(1 : 3 : 5)
Gröbner basis and elimination ideals
To complete our calculation, we use a method supported by the Gröbner basis theory. We recall its properties. Let k[x 1 , · · · , x n ] be the ring of polynomials with coefficients in a field k. Let < be an order on
, the leading term LT (f ) is the largest monomial appareling in f in the ordering <.
For an ideal I ⊂ k[x 1 , · · · , x n ], a Grönber basis for I with respect to < is a finite set of polynomials {g 1 , · · · , g s } such that for every 0 = f ∈ I, LT (f ) is divisible by LT (g j ) for some j ∈ {1, · · · , s}. For any ideal I, there exists a Gröbner basis. A Gröbner basis for I gives a set of generators of the ideal I.
For an ideal 
Proof. We have the parametrization Ψ 5 in (3.22) (χ 8 in (4.1), resp.) of the Humbert surface H 5 (H 8 , resp.). For a generic (α : β : γ : δ) ∈ H 5 ∩ H 8 ⊂ P(2 : 3 : 5 : 6), there exist (A : B : C) ∈ P(1 : 3 : 5) and (r : s : q) ∈ P 2 (C) such that
We have the polynomial F , resp) in C[A : B : C, r, s, q] of weight 2 (3, 5, 6, resp.) : By Theorem 5.1 and a computer aided calculation, we can show that the ideal I S is a principal ideal generated by the polynomial in (5.1). Thus, the theorem is proved.
Using the explicit expression of the parameters of F in (3.9), let us study the divisor Ψ * 5 (H 5 ∩ H 8 ) ⊂ P(1 : 3 : 5) in detail. According to Example 2.2, H 5 ∩ H 8 contains the Shimura curves S 6 and S 10 as irreducible components. We shall give explicit forms of the pull-backs of these two Shimura curves as divisors in P(1 : 3 : 5). We note that the pull-back Ψ * 5 (S 6 ) (Ψ * 5 (S 10 ), resp.) is isomorphic to S 6 (S 10 , resp.) as varieties because Ψ 5 is an embedding of varieties and S 6 and S 10 is contained in the image Im(Ψ 5 ).
Set On the other hand, the Shimura curves S 6 , S 10 are already compact. Then, Ψ * 5 (S 6 ) and Ψ * 5 (S 10 ) never touch the cusp of (H × H)/ P SL(2, O 5 ), τ . According to (3.2), the cusp is given by (A : B : C) = (1 : 0 : 0). So, from (5.5), the curve L 1 is neither Ψ * 5 (S 6 ) nor Ψ * 5 (S 10 ).
According to [HM] , we have the quaternion modular embeddingΩ 6 : H → S 2 for D = 6 given by
for w ∈ H.
Remark 5.1. The modular embeddingΩ 6 is different from the embedding Ω in Section 2.4. However, as we noted in Remark 2.2, we have the unique choice of the Shimura curve S 6 . So, our argument for discriminant 6 is not dependent on the choice of a quaternion modular embeddings.
and w →Ω 6 (w) in (5.6), we have another modular embedding H → S 2 given by w →Ω 6 (w) wherẽ
, it holds −τ 1 (w) +τ 2 (w) +τ 3 (w) = 0.
(5.8) Especially,Ω 6 embeds H to N 5 in (3.7). Recall that the surface N 5 is parametrized by the Hilbert modular embedding µ 5 in (3.6).
Lemma 5.2. Let be the diagonal in (3.10), µ 5 be the Hilbert modular embedding given by (3.6) and pr be the canonical projection
Proof. The embedding w →Ω 6 (w) parametrizes a curve in the surface N 5 . The surface N 5 is parametrized by (z 1 , z 2 ) ∈ H × H via µ 5 . Hence, the set µ 5 ( ) ∩ Im(Ω 6 ) is given by the conditionτ 2 (w) = 6 √ 2w 2 + 4w + √ 2 = 0. The solution in the upper half plane H of the equation 6 √ 2w 2 + 4w + √ 2 = 0 is only
By a direct calculation, we can check that
We note that a point in N 5 = Im(µ 5 ) has an expression by the period mapping for the family F of M 5 -marked K3 surfaces (see Section 3.3). The explicit theta expression (3.9) of the inverse of the period mapping for F enables us to study the quaternion embeddingΩ 6 given by (5.7) in detail.
Theorem 5.3. The Shimura curve Ψ * 5 (S 6 ) (Ψ * 5 (S 10 ), resp.) is given by the divisor R 2 (R 1 , resp.) in (5.4).
Proof. According to Theorem 5.2, the Shimura curves Ψ * 5 (S 6 ) and Ψ * 5 (S 10 ) are irreducible components of the union of the curves R 1 ∪ R 2 ∪ L 1 . However, from Lemma 5.1, the curve L 1 never give any Shimura curves. According to (3.3), the (X, Y )-plane gives an affine plane of P(1 : 3 : 5). Due to Lemma 5.2, the Shimura curve Ψ * 5 (S 6 ) passes the point
Since we have the formula (3.11),
On the other hand, by a direct observation, the curve R 1 does not touch the point P 0 and the curve R 2 passes the point P 0 .
Therefore, the Shimura curve Ψ * 5 (S 6 ) is given by the curve R 2 . The other curve R 1 corresponds to the Shimura curve Ψ * 5 (S 10 ).
In Figure 5 , the Shimura curves R 2 = Ψ * 5 (S 6 ), R 1 = Ψ * 5 (S 10 ) and curve B K in (X, Y )-plane is illustrated. Here, the curve B K is coming from Klein's icosahedral relation
(see (3.1)). 
5.3
The genus 2 curves of Hashimoto and Murabayashi and the family K j of Kummer surfaces
Hashimoto and Murabayashi [HM] studied the moduli space of genus 2 curves and the Shimura curves for discriminant 6 and 10. In this subsection, let us see the relation between the results of [HM] and Theorem 5.3. Let C be a Riemann surface of genus 2. The Jacobian variety Jac(C) is a principally polarized abelian surface. Let T be the involution on Jac(C) induced by (z 1 , z 2 ) → (−z 1 , −z 2 ) on the universal covering C 2 . The minimal resolution Jac(C)/ id, T is called the Kummer surface and denoted by Kum(C).
For a Riemann surface of genus 2 is given by
Humbert [Hu] obtained explicit conditions when the corresponding Jacobian variety Jac(C(λ 1 , λ 2 , λ 3 )) has real multiplication for ∆ = 5 and ∆ = 8. These conditions are given by equations, called Humbert's modular equations, in λ 1 , λ 2 and λ 3 (see [HM] Theorem 2.9 and 2.11). For example, Humbert's module equation for ∆ = 5 is given by
(5.10)
(1) Set a genus 2 curve C 6 (s, t) given by
and R = −2(s − t). Here, (s, t) satisfies
Then, Jac(C 6 (s, t)) is a principally polarized abelian surface with quaternion multiplication by O 6 .
(2) Set a genus 2 curve C 10 (s, t) given by
and R = (t − 1)s t(t + 1)(2t + 1)
. Here, (s, t) satisfies
Then, Jac(C 10 (s, t)) is a principally polarized abelian surface with quaternion multiplication by O 10 .
Remark 5.3. The equation (5.11) ((5.12), resp.) does not give the exact defining equation of the Shimura curve S 6 (S 10 , resp.) but defines a covering of S 6 (S 10 , resp.). In fact, each curve defined by (5.11) and (5.12) is of genus 1. On the other hand, S 6 and S 10 are genus 0 curves.
Let j ∈ {6, 10}. Set C j = {C j (s, t)} in Proposition 5.1. For two members C j (s 1 , t 1 ) and C j (s 2 , t 2 ) of C j , if Jac(C j (s 1 , t 1 )) and Jac(C j (s 2 , t 2 )) are isomorphic as principally polarized abelian surfaces, we call two members are equivalent. Let [C j (s, t)] be the equivalence class of C j (s, t) ∈ C j . LetC j denote the equivalence classes of C j . We have the family Kum(C j ) = {Kum(C j (s, t))|[C j (s, t)] ∈C j } of Kummer surfaces.
On the other hand, our K3 surface S(A : B : C) in (3.4) has the Shioda-Inose structure. Namely, there exists an involution σ on S(A : B : C) such that the minimal resolution K(A : B : C) of S(A : B : C)/ id, σ is a Kummer surface. The Kummer surface K(A : B : C) is given by the following equation (see [N2] Theorem 2.13), Considering the properties of the K3 surface S(A : B : C), the above procedure of the families K j for j = 6, 10, Remark 2.2, Remark 5.2 and Remark 5.4, we have the following proposition.
Proposition 5.2. For j ∈ {6, 10}, the family Kum(C j ) coincides with the family K j .
6 The Shimura curves of discriminant 14 and 15 in P(1 : 3 : 5)
In this section, we obtain the explicit forms of the Shimura curves for discriminants 14 and 15 in the weighted projective space Proj(C[A : B : C]).
However, as in Remark 2.2, the Shimura curve S D = ϕ D (S D ) ⊂ A 2 is not unique for D = 14 because there exist two choices of ϕ D . So, the image S 14 of the Shimura curve depends on the triples (p, a, b) in the argument of Section 2.4.
In this section, as in Example 2.3 and 2.4, we only consider the Shimura curve S 14 in A 2 coming form the triple (p, a, b) = (5, 1, 3 ).
Theorem 6.1. The pull-back Ψ * 5 (H 5 ∩ H 12 ) is given by the union of four devisors R 2 , R 3 , R 4 , L 2 , where R 2 is given by (5.4) and R 3 , R 4 and L 2 are curves in P(1 : 3 : 5) = Proj (C[A, B, C] Proof. Recalling Proof. First, according to Theorem 6.1, the divisor Ψ * 5 (H 5 ∩ H 12 ) consists of only four irreducible components R 2 , R 3 , R 4 and L 2 . However, from Theorem 5.3, the curve R 2 is the Shimura curve Ψ * 5 (S 6 ).
Moreover, since the curve L 2 passes the cusp (A : B : C) = (1 : 0 : 0), the curve L 2 does not corresponds to any Shimura curves.
Then, we shall identify the curves R 3 and R 4 . Because we have Example 2.3, the divisor Ψ * 5 (H 5 ∩H 12 ) contains the Shimura curves Ψ * 5 (S 15 ) and Ψ * 5 (S 14 ). So, of the two curves R 3 and R 4 , one corresponds to Ψ * 5 (S 15 ) and the other corresponds to Ψ * 5 (S 14 ). By the way, according to Example 2.4, only the Shimura curve Ψ * 5 (S 14 ) is contained in the divisor Ψ * 5 (H 5 ∩ H 21 ). Moreover, due to the next lemma, the curve R 4 is a irreducible component of Ψ * 5 (H 5 ∩ H 21 ). Therefore, we conclude that the curve R 3 (R 4 , resp.) gives the explicit model of the Shimura curve Ψ * 5 (S 15 ), (Ψ * 5 (S 14 ), resp.).
Lemma 6.1. The curve R 4 is a irreducible component of the divisor Ψ * 5 (H 5 ∩ H 21 ).
Proof. Using the notation in (3.22) and (4.14), we set We take the weighted homogeneous ideal gives the curve Ψ *
